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Abstract 


In this paper, we present the characterizations of total boundedness, rel- 
ative compactness and compactness in fuzzy set spaces equipped with the 
endograph metric. The conclusions in this paper significantly improve the 
corresponding conclusions given in our previous paper |H. Huang, Charac- 
terizations of endograph metric and I'-convergence on fuzzy sets, Fuzzy Sets 
and Systems 350 (2018), 55-84]. The results in this paper are applicable to 
fuzzy sets in a general metric space. The results in our previous paper are 
applicable to fuzzy sets in the m-dimensional Euclidean space R™, which 
is a special type of metric space. Furthermore, based on the above results, 
we give the characterizations of relative compactness, total boundedness and 
compactness in a kind of common subspaces of general fuzzy sets according to 
the endograph metric. As an application, we investigate some relationship 
between the endograph metric and the I-convergence on fuzzy sets. This 
paper is also submitted to arXiv. 
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1. Introduction 


Fuzzy set is a fundamental tool to investigate fuzzy phenomenon [1-7]. A 
fuzzy set can be identified with its endograph. The endograph metric Hena 
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on fuzzy sets is the Hausdorff metric defined on their endographs. It's shown 
that the endograph metric on fuzzy sets has significant advantages [8-11]. 

Compactness is one of the central concepts in topology and analysis and 
is useful in applications (see [6, 12]). The characterizations of compactness 
in various fuzzy set spaces endowed with different topologies have attracted 
much attention [13-19]. 

In [18], we have given the characterizations of total boundedness, rel- 
ative compactness and compactness of fuzzy set spaces equipped with the 
endograph metric Heng. 

The results in [18] are applicable to fuzzy sets in the m-dimensional Eu- 
clidean space R™. IR” is a special type of metric space. In theoretical research 
and practical applications, fuzzy sets in a general metric space are often used 
[1, 2, 14, 15]. 

In this paper, we present the characterizations of total boundedness, rela- 
tive compactness and compactness of the space fuzzy sets in a general metric 
space equipped with the endograph metric Hena. We point out that the 
characterizations of total boundedness, relative compactness and compact- 
ness given in [18] are corollaries of the corresponding characterizations given 
in this paper. 

Furthermore, we discuss the properties of the endograph metric Hend, 
and then use these properties and the above characterizations for general 
fuzzy sets to give the characterizations of relative compactness, total bound- 
edness and compactness in a kind of common subspaces of general fuzzy sets 
according to the endograph metric Heng. 

As an application of the characterizations of compactness given in this 
paper, we discuss the relationship between H.,q metric and I-convergence 
on fuzzy sets. 

The remainder of this paper is organized as follows. In Section 2, we 
recall and give some basic notions and fundamental results related to fuzzy 
sets and the endograph metric and the l'-convergence on them. In Section 
3, we give representation theorems for various kinds of fuzzy sets which are 
useful in this paper. In Section 4, we give the characterizations of relatively 
compact sets, totally bounded sets, and compact sets in space of fuzzy sets 
in a general metric space equipped with the endograph metric, respectively. 
In Section 5, based on the characterizations of compactness given in Section 
4, we give the characterizations of relatively compact sets, totally bounded 
sets, and compact sets in a kind of common subspaces of the fuzzy set space 
discussed in Section 4. In Section 6, as an application of the characterizations 


of compactness given in Section 4, we investigate the relationship between 
the endograph metric and the I -convergence on fuzzy sets. At last, we draw 
conclusions in Section 7. 


2. Fuzzy sets and endograph metric and I'-convergence on them 


In this section, we recall and give some basic notions and fundamental 
results related to fuzzy sets and the endograph metric and the l'-convergence 
on them. Readers can refer to [1—3, 20, 21] for related contents. 

Let N denote the set of natural numbers. Let R denote the set of real 
numbers. Let R”, m > 1, denote the set ((zi,...,24) : z; € R, i = 
1,...,m]. In the sequel, R is also written as Rt. 

Throughout this paper, we suppose that X is a nonempty set and d is 
the metric on X. For simplicity, we also use X to denote the metric space 
(X, d). 

The metric d on X x [0,1] is defined as follows: for (x, œ), (y, 8) € X x 
(0,1, 


dl, a), (y, B)) E d(x, y) + lo = pl. 
Throughout this paper, we suppose that the metric on X x [0,1] is d. For 


simplicity, we also use X x [0, 1] to denote the metric space (X x [0,1], d). 
Let m € N. For simplicity, R™ is also used to denote the m-dimensional 
Euclidean space; dm is used to denote the Euclidean metric on R”; R" x [0, 1] 
is also used to denote the metric space (IR" x [0, 1], dm). 
A fuzzy set u in X can be seen as a function u : X — [0,1]. A subset S 
of X can be seen as a fuzzy set in X. If there is no confusion, the fuzzy set 


corresponding to S is often denoted by xs; that is, 


sies 1 «eS, 
A597 1 9 ge KV 


For simplicity, for x € X, we will use T to denote the fuzzy set yq, in X. 
In this paper, if we want to emphasize a specific metric space X, we will 
write the fuzzy set corresponding to S in X as Sp(xj, and the fuzzy set 
corresponding to {x} in X as Tr(x). 

The symbol F(X) is used to denote the set of all fuzzy sets in X. For 
u € F(X) and o € [0,1], let (u > a} denote the set (x € X : u(x) > a}, 
and let [u], denote the a-cut of u, i.e. 


[ul Qc. a € (0, 1], 
suppu = {u > 0}, a — 0, 
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where S denotes the topological closure of S in (X, d). 

The symbol K(X) and C(X) are used to denote the set of all nonempty 
compact subsets of X and the set of all nonempty closed subsets of X, re- 
spectively. P(X) is used to denote the power set of X, which is the set of all 
subsets of X. 


Let Fysc(X) denote the set of all upper semi-continuous fuzzy sets u : 
3€ s [0,1], Le, 
Fysc(X) := {u € F(X) : [ula € C(X) U (0) for all a € [0, 1]). 
Define 
Fusca(X) = {u € Fusc(X) [u]o € K(X) U {O}}, 
Fusca(X) = {u € Fusc(X) : [ula € K(X) U (0) for all a € (0, 1]). 
Clearly, 
FuscB(X) € Fusca(X) € Fusc(X). 
Define 
Foon(X) := {u € F(X): for all a € (0,1], [ula is connected in X}, 
Fusccon(X) = Fusc(X)  Fcou(X); 
FuscacoN(X) := Fusca(X) N Foon(X). 
Let u € Foon(X). Then [u]o = Uasolula is connected in X. The proof is 
as follows. 
If u = xo, then [ulo = 0 is connected in X. If u Z xo, then there is an 
a € (0,1] such that [u], 4 0. Note that [u]g 2 [u]a when 6 € [0, o]. Hence 


Uozg«o|u|a is connected, and thus [u]o = Uo<g<alu]g is connected. 
50 


Foon(X) = {u € F(X): for all a € [0,1], [uo is connected in X}. 


Let Figó5(X) denote the set of all normal and upper semi-continuous 
fuzzy sets u : X — [0,1], i.e., 


Flgo(X) := {u € F(X) : [ula € C(X) for all o € [0, 1]}. 


We introduce some subclasses of FI 45 (X), which will be discussed in this 
paper. Define 


Fiscg(X) = Fysc(X) n Fusca(X), 
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Fisoc(X) := Fisc(X)  Fusce(X), 
Fusccon(X) := Fosc(X) 9 Foon(X), 
Foscecon(X) := Fisce(X) n Foon(X). 


Clearly, 


Fuscr(X) c Fosca(X) c Fisc(X), 
Fuscecon(*) c Fusccon(X). 


Let (X,d) be a metric space. We use H to denote the Hausdorff dis- 
tance on C(X) induced by d, i.e., 


H(U,V) = max{H*(U,V), H*(V,U)} (1) 
for arbitrary U,V € C(X), where 


H*(U,V) =sup d (u, V) = sup inf d (u, v). 
ucU ucU v€V 
If there is no confusion, we also use H to denote the Hausdorff distance 
on C(X x |0, 1]) induced by d. 
The Hausdorff distance on C(X) can be extended to C(X )U{@} as follows: 


H(Mi, Mə), if Mi, M; € C(X), 
A(M,, Mə) = +00, if M, = 0 and M» & C(X), 
0, if Mi = M» = (). 


Remark 2.1. p is said to be a metric on Y if p is a function from Y x Y 
into R satisfying positivity, symmetry and triangle inequality. At this time, 
(Y, p) is said to be a metric space. 

p is said to be an extended metric on Y if p is a function from Y x Y into 
R U (4-06) satisfying positivity, symmetry and triangle inequality. At this 
time, (Y, p) is said to be an extended metric space. 

We can see that for arbitrary metric space (X,d), the Hausdorff distance 
H on K(X) induced by d is a metric. So the Hausdorff distance H on 
K(X x [0, 1]) induced by d on X x [0,1] is a metric. 

The Hausdorff distance H on C(X) induced by d on X is an extended 
metric, but probably not a metric, because H(A, B) could be equal to +00 
for certain metric space X and A, B € C(X). The Hausdorff distance H on 
C(X) U {Ø} is an extended metric, but not a metric. 
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Clearly, if H on C(X) induced by d is not a metric, then H on C( X x[0,1]) 
induced by d is also not a metric. So the Hausdorff distance H on C(X x[0, 1]) 
induced by d on X x [0, 1] is an extended metric but probably not a metric. 

We can see that H on C(IR") is an extended metric but not a metric, and 
then the same is H on C(IR" x [0, 1]). 

In the cases that the Hausdorff distance H is a metric, we call the Haus- 
dorff distance the Hausdorff metric. In the cases that the Hausdorff distance 
H is an extended metric, we call the Hausdorff distance the Hausdorff ex- 
tended metric. In this paper, for simplicity, we refer to both the Hausdorff 
extended metric and the Hausdorff metric as the Hausdorff metric. 


For u € F(X), define 


endu := {(x,t) € X x [0,1] : u(x) > t}, 
sendu := ((z,t) € X x [0,1] : u(x) 2 t) A ([u]o x [0, 1]). 


end u and send u are called the endograph and the sendograph of u, respec- 
tively. 

Let u € F(X). The following properties (i)-(iii) are equivalent: 

(1) uc Fusc(X); E 
(ii) end u is closed in (X x [0, 1], d); 
(iii) send u is closed in (X x [0, 1], d). 

(i)2 (ii). Assume that (i) is true. To show that (ii) is true, let { (£n, 04) 
be a sequence in endu which converges to (x, o) in X x [0,1], we only need 
to show that (x, o) € endu. Since u is upper semi-continuous, then u(x) > 
lim sup, ooo u(z4) 2 lim, ;,,5 o4, = a. Thus (z,o) € endu. So (ii) is true. 

(ii)=(iii). Assume that (ii) is true. Note that [u]o x [0,1] is closed in 
X x |0, 1], then send u = end u N ([u]o x [0, 1]) is closed in X x [0,1]. So (iii) 
is true. 

(ii)— (i). Assume that (iii) is true. To show that (i) is true, let a € [0,1] 
and suppose that {£n} is a sequence in [u]; which converges to x in X, we 
only need to show that x € [u],. Note that {(x,,a)} converges to (x, o) 
in X x [0,1], and that the sequence ((z,,o)) is in sendu. Hence from 
the closedness of sendu, it follows that (x,o) € sendu, which means that 
x € [u]a. So (i) is true. 

Let u € F(X). Clearly X x {0} C endu. So endu Z Ø. We can see that 
send u = () if and only if u = Ox). 

From the above discussions, we know that u € Fysc(X) if and only if 
endu € C(X x [0, 1]). 


Kloeden [8] introduced the endograph metric Hena. For u,v € Fysc(X), 
HAena(u,v) := H(end u, end v), 


where H is the Hausdorff metric on C(X x [0, 1]) induced by d on X x (0, 1]. 

Rojas-Medar and Román-Flores [20] introduced the T'-convergence of 
a sequence of upper semi-continuous fuzzy sets based on the Kuratowski 
convergence of a sequence of sets in a metric space. 

Let (X, d) be a metric space. Let C be a set in X and {Cn} a sequence of 
sets in X. {Cn} is said to Kuratowski converge to C according to (X,d), 
if 

C = liminf Cn = lim sup Cn, 


n—00 n—oo 


where 


noo 


n— o0 


oo 
lim sup Cs =S({7eX 22S jim Enj, Tny E Crn} = N U Car 
n=lm>n 


In this case, we'll write C = lim“). Cn according to (X,d). If there is 
no confusion, we will not emphasize the metric space (X, d) and write {Cn} 


Kuratowski converges to C or C — lim) o Cn for simplicity. 


Remark 2.2. Theorem 5.2.10 in [22] pointed out that, in a first countable 
Hausdorff topological space, a sequence of sets is Kuratowski convergent is 
equivalent to this sequence is Fell topology convergent. A metric space is of 
course a first countable Hausdorff topological space. 

Definition 3.1.4 in [23] gives the definitions of lim inf C, lim sup C, and 
lim Cn for a net of subsets (C, n € D} in a topological space. When (C,,n = 
1,2,...} is a sequence of subsets of a metric space, lim inf Ch, lim sup Cn and 
lim Cn according to Definition 3.1.4 in [23] are lim inf... Cn, limsup, soo Cn 


and lim(€) _ C, according to the above definitions, respectively. 


Let u, Un, n = 1,2,..., be fuzzy sets in Fysc(X). {un} is said to T- 
converge to u, denoted by u = lim(P Un, if endu = lim“). endu, 
according to (X x [0,1], d). 

The following Theorem 2.3 is an already known conclusion, which is useful 
in this paper. 


Theorem 2.3. Suppose that C, C, are sets in C(X), n = 1,2,.... Then 
H(C,,C) — 0 implies that lim” C, =C. 


T,— Co 


Remark 2.4. Theorem 2.3 implies that for a sequence {un} in Fysc(X) and 
an element u in Fysc( X), if Hena(Un, u) > 0 as n — oo, then lim”) | Un = U. 
However, the converse is false. See Example 4.1 in [18]. 

Theorem 2.3 can be shown in a similar fashion to Theorem 4.1 in [18]. In 
Theorem 2.3, we exclude the case that C = (). 


Remark 2.5. Let {u,} be a sequence in Fysc(X) and let {v,} be a subse- 
quence of {un}. We can see that 


lim infu, C liminfv, C lim sup v, C lim sup uy. 
n—09 n—09 n— oo n—oo 


So if there is a u € Fysc(X) with lim. u, = u, then lim | v, = u. 
Clearly, lim” | Un = u does not necessarily imply that lim) Un = U. 
A simple example is given below. 
For n = 142,23 let v, = lr(g). For n — 152, 24% let Un € Fusc( R) 


defined by 


die = Tre), n is odd, 
" Jrp(g m İs even. 


Then {vp} is a subsequence of {un}. We can see that lim v, = Try. 


However lim) Uun does not exist because 


n—oo 


lim inf u, = R x {0} - end Tp) V end3rqj = lim sup uy. 


n—»oo noo 


In this paper, for a metric space (Y, p) and a subset S in Y, we still use 
p to denote the induced metric on S by p. 


3. Representation theorems for various kinds of fuzzy sets 


In this section, we give representation theorems for various kinds of fuzzy 
sets. These representation theorems are useful in this paper. 

The following representation theorem should be a known conclusion. In 
this paper we assume that sup @ = 0. 


Theorem 3.1. Let Y be a nonempty set. If u € F(Y), then for alla € (0,1], 
[u]a = Ne<alu]s. 
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Conversely, suppose that {va : a € (0,1]) is a family of sets in Y with 
Va = f1gzaug for all a € (0,1]. Define u € F(Y) by 


u(r):— sup{a: x € Va} 


for each x € Y. Then u is the unique fuzzy set in Y satisfying that |u|4 = Va 
for all a € (0,1]. 


Proof. Let u € F(Y) and a € (0,1]. For each x € Y, z € [ula & u(x) > 
a €» for each B < a, u(x) > B & for each 8 < o, x € [ulg. So [ula = 
gea [u]a. 

Conversely, suppose that (v, : o € (0,1]) is a family of sets in Y with 
Va = Ng<aVg for all a € (0, 1]. Let u € F(Y) defined by 


u(x) := sup{a: x € Va} 


for each x € Y. Firstly, we show that for each a € (0,1], [ula = v4. To do 
this, let a € (0, 1]. We only need to verify that [u]a 2 va and [ula C va. 

Let x € va. Then clearly u(x) > o, ie. x € [u]o. So [Ula 2 va. 

Let x € [u]gS. Then sup(B : x € vg} = u(x) > o. Hence there exists 
a sequence (£4, n = 1,2,...) such that 1 > 8, > o — 1/n and z € vs,. 
Set y = sup??? Bn. Then 1 > y > o and thus z € N Sug, = v, C Va. So 
[ui], € ts. 

Now we show the uniqueness of u. To do this, assume that v is a fuzzy 
set in Y satisfying that [v]; = va for all a € (0, 1]. Then for each x € Y, 


v(x) = sup{a: x € [v|o) = sup{a : x € va} = u(x). 


So u — v. 


Remark 3.2. We can't find the original reference which gave Theorem 3.1, 
so we give a proof here for the self-containing of this paper. Theorem 3.1 
and its proof are essentially the same as the Theorem 7.10 in P27 of chinaX- 
iv:202110.00083v4 and its proof since the uniqueness of u is obvious. 


From Theorem 3.1, it follows immediately below representation theorems 
for Fusc(X), Fiisc(X), Fusce(X), Foon(X), Fusca(X), and Fisog(X). 


Proposition 3.3. Let (X,d) be a metric space. If u € Fysc(.X) (respec- 
tively, u € Fłscel(X), uc Fusca( X), uc Foon(X)), then 

(i) [ula € C(X)U {0} (respectively, [ula € C(X), [ula € K(X) U (0), [ula 
is connected in (X,d)) for all a € (0,1], and 

(tt) [u]a = (gs [u]a for all o € (0, 1]. 

Conversely, suppose that the family of sets {va : a € (0,1]) satisfies 
conditions (i) and (ii). Define u € F(X) by u(x) :— sup(o : x € va} for 
each r € X. Then u is the unique fuzzy set in X satisfying that [ula = Va 
for each a € (0,1]. Moreover, u € Fusc(X) (respectively, u € Figc(X), 
u € Fusce(X), u € Foon(X)). 


Proof. The proof is routine. We only show the case of Fygc(X). The other 
cases can be verified similarly. 

If x € Fusc (X), then clearly (i) is true. From Theorem 3.1, (ii) is true. 

Conversely, suppose that the family of sets {va : o € (0,1]) satisfies 
conditions (i) and (ii). Define u € F(X) by u(x) :— sup(a : x € va} for each 
x € X. Then by Theorem 3.1, u is the unique fuzzy set in X satisfying that 
[ula = Va for each a € (0,1]. Since ([u]4, o € (0, 1]} satisfies condition (i), 
u € Fysc(X). 


Proposition 3.4. Let (X,d) be a metric space. If u € Fyscp(X) (respec- 
tively, u € Fo gog( X)), then 
(i) [ula € K(X) U (0) (respectively, [ula € K(X)) for all a € [0,1], 
(it) |u]; = (lass [u]g for all a € (0, 1], and 
(iii) lulo = Us soll 

Conversely, suppose that the family of sets (v, : a € [0,1]} satisfies 
conditions (i) through (iii). Define u € F(X) by u(x) := sup{a: x € va} for 
each x € X. Then u is the unique fuzzy set in X satisfying that |ula = Va 
for each a € [0,1]. Moreover, u € Fuscp(X) (respectively, u € Flgog( X)). 


Proof. The proof is routine. We only show the case of Fyscp( X). The case 
of Fiiscp(X) can be verified similarly. 

If x € Fuscp( X), then clearly (i) is true. By Theorem 3.1, (ii) is true. 
From the definition of [u]o, (iii) is true. 

Conversely, suppose that the family of sets (v, : a € [0,1]} satisfies 
conditions (i) through (iii). Define u € F(X) by u(x) := sup{a: x € vo] for 
each x € X. Then by Theorem 3.1, u is the unique fuzzy set in X satisfying 
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that [ula = Va for each a € (0,1). Clearly [u]o = Ussolula = Usso ve = vo. 
Since {[u]a,a@ € [0, 1]} satisfies condition (i), u € Fysca( X). 


Similarly, we can obtain the representation theorems for Fusccon(X), 
Fuscacon(X), Fusccon(X); etc. 

Based on these representation theorems, we can define a fuzzy set or a 
certain type fuzzy set by giving the family of its a-cuts. In the sequel, we 
will directly point out that what we defined is a fuzzy set or a certain type 
fuzzy set without saying which representation theorem is used since it is easy 
to see. 


4. Characterization of compactness in (Fyscc(X), Hena) 


In this section, we give the characterizations of relatively compact sets, 
totally bounded sets, and compact sets in (Fuscc(X), Hena), respectively. 
We point out that these results improve the characterizations of relatively 
compact sets, totally bounded sets, and compact sets in (Frsca(IR?), Hena) 
given in our previous work [18], respectively. 


e A subset Y of a topological space Z is said to be compact if for every set 
I and every family of open sets, O;, i € I, such that Y C UJ; O: there 
exists a finite family O4, Oi; ..., O;, such that Y C O;,U0;,U...UO;,,. 
In the case of a metric topology, the criterion for compactness becomes 
that any sequence in Y has a subsequence convergent in Y. 


e A relatively compact subset Y of a topological space Z is a subset with 
compact closure. In the case of a metric topology, the criterion for 
relative compactness becomes that any sequence in Y has a subsequence 
convergent in X. 


e Let (X,d) be a metric space. A set U in X is totally bounded if and 
only if, for each & > 0, it contains a finite € approximation, where an € 
approximation to U is a subset S of U such that d(r, S) < £ for each 
x € U. An € approximation to U is also called an e-net of U. 


Let (X,d) be a metric space. A set U is compact in (X,d) implies that 
U is relatively compact in (X,d), which in turn implies that U is totally 
bounded in (X,d). Let Y be a subset of X and A a subset of Y. Then A is 
totally bounded in (Y, d) if and only if A is totally bounded in (X, d). 
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Theorem 4.1. /19] Let (X,d) be a metric space and D C K(X). Then D 
is totally bounded in (K(X), H) if and only if D = UJ(C : C € D} is totally 
bounded in (X, d). 


Theorem 4.2. [14] Let (X,d) be a metric space and D C K(X). Then D 
is relatively compact in (K(X), H) if and only if D = U(C : C € D} is 
relatively compact in (X, d). 


Theorem 4.3. /19] Let (X,d) be a metric space and D C K(X). Then the 
following are equivalent: 

(i) D is compact in (K(X), H); 

(ii) D — UC : C € D} is relatively compact in (X,d) and D is closed in 
(K(X), H); 

(iii) D=U{C : C € D) is compact in (X,d) and D is closed in (K(X), H). 


Let u € Fysc(X). Define u* = endu. Let A be a subset of Frsc( X). 
Define A* = (u^: u € A}. Clearly Fysc(X)* € C(X x [0, 1]). 

Define g : (Fvsc( X), Hena) > (C(X x |0, 1]), H) given by g(u) = end v. 
Then 


e g is an isometric embedding of (Fusc(X), Hena) in (C(X x |0, 1]), H), 
e g(Fusc(X)) = Fusc(X)^, and 
e (Fusc(X), Hena) is isometric to (Fusc(X)*, H). 


The following representation theorem for Fysc(X)* follows immediately 
from Proposition 3.3. 


Proposition 4.4. Let U be a subset of X x [0,1]. Then U € Fusc(X)* if 
and only if the following properties (i)-(iii) are true. 

(i) For each a € (0,1], (U)a € C(X) U (0). 

(ii) For each a € (0,1], (U)s = (15, (Ug. 

(itt) (Ujo =X. 


Proposition 4.5. Let U € C(X x [0,1]). Then the following (i) and (ii) are 
equivalent. 

(i) For each a withO<a<1, (U)a = (a, (U)a. 

(ii) For each o, B with 0 € B <a € 1, (U)a C (U)g. 
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Proof. The proof is routine. (i)=(ii) is obviously. 

Suppose that (ii) is true. To show that (i) is true, let a € (0,1]. From 
(ii), (U)a € fla, (U)s. So we only need to prove that (U)a 2 (15, (U)s. 
To do this, let x € (]5,.,(U)g. This means that (z, 8) € U for B € [0,a). 
Since limga- d((z, 8), (z, )) = 0, from the closedness of U, it follows that 
(x,a) € U. Hence x € (U)s. Thus (U)o 2 (5, (U)a from the arbitrariness 


of x in 154, (U)5. So (i) (i). 


Proposition 4.6. Let U € C(X x [0,1]). Then U € Fusc(.X)* if and only 
if U has the following properties: 

(i) for each o, B with 0 < B « a € 1, (U), € (U)g, and 

(ü) (U)o — X. 


Proof. Since U € C(X x [0,1]), then clearly (U), € C(X) U (0) for all 
a € [0,1]. Thus the desired result follows immediately from Propositions 4.4 
and 4.5. 


As a shorthand, we denote the sequence z1, £2, ..., 24, ... by {£n}. 
Proposition 4.7. Frjsc(X)* is a closed subset of (C(X x |0,1]), H). 


Proof. Let {uf : n = 1,2,...) be a sequence in Fysc(X)* with {uf} con- 
verging to U in (C(X x |0, 1]), H). To show the desired result, we only need 
to show that U € Fysc(X)*. 

We claim that 
(i) for each o, B with 0 € 8 <a € 1, (U)s € (U)g; 

(ii) Uy =X. 

To show (i), let a, 8 in [0, 1] with 6 < a, and let x € (U)s, i.e. (rz, a) € U. 
By Theorem 2.3, lim) uf’ = U. Then there is a sequence {(£n,@n)} 
satisfying (£n, Qn) € u for n = 1,2,... and lim, 4,4 d((z4, On), (z, 0))) = 0. 
Hence there is an N such that a, > 8 for all n > N. Thus (ay, 8) € u£ for 
n > N. Note that limno d((z,, 8), (x, 8)) = 0. Then (2, 8) € lim“). ue = 
U. This means that x € (U)g. So (i) is true. 

Clearly (U)y C X. From lim) ue = U and (u£)y = X, we have that 
(U)o 2 X. Thus (U)o = X. So (ii) is true. 

By Proposition 4.6, (i) and (ii) imply that U € Fysc(X)*. 
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Remark 4.8. Let a € [0,1]. From Proposition 5.1, we can deduce that 
Fif;o (X) is a closed subset of (Fysc(X), Hena). Then by Proposition 4.7, we 
have that Fr; 5 (X)* is a closed subset of (C(X x [0, 1]), H). 


We use (X,d) to denote the completion of (X,d). We see (X,d) as a 
subspace of (X, d). 

If there is no confusion, we also use H to denote the Hausdorff metric 
on C(X) induced by d. We also use H to denote the Hausdorff metric on 


C (X x [0, 1]) induced by d. We also use Hena to denote the endograph metric 


on Fygc(X) given by using H on C(X x [0, 1]). 


Lam F(X) can be naturally embedded into F(X). An embedding j from F(X) 


fo to F(X) is defined as follows. 7 
q Let u € F(X). We can define j(u) € F(X) as 


= l f wt tex, 
— jeu) = l ME ar 


Let U C X. If U is compact in (X, d), then U is compact in CE d). So if 
u € Fysca(X), then j(u) € Fusca(X) because [j(u)], = [ula € K(X)U (0) 
for each a € (0, 1]. 

We can see that for u,v € Fusce(X), Haa(u,v) = Heaa(3(u), j(v)). So 


J\Fosoa(X) is an isometric embedding of (Fusca (X), Hena) in (Fusca (X), Hena). 


Since (Fyscal( X), Hena) can be embedded isometrically in (Fusco (X), Hena), 
in the sequel, we treat (FysccG(X ), Hena) as a metric subspace of (Fusce( X), Hena) 
by identifying u in Fysca(X) with j(u) in Fyscc(X). So a subset U of 
Fusco (X) can be seen as a subset of [i 

Suppose that U is a subset of Fysc(X) and a € [0,1]. For writing 


convenience, we denote 
e U(o) := Uney (Ma, and 
e Ua := ([ulo:u E U}. 


Here we mention that an empty union is (). 


Lemma 4.9. Let U be a subset of Fusca(X). If U is totally bounded in 
(Fusca CX), Hena), then U(a) is totally bounded in (X,d) for each a € (0,1]. 
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Proof. The proof is similar to that of the necessity part of Theorem 7.8 in 
[19]. 

Let a € (0, 1]. To show that U(a) is totally bounded in X, we only need 
to show that each sequence in U(o) has a Cauchy subsequence. 

Let {x£} be a sequence in U(a). Then there is a sequence {un} in U with 
Ln € [u,]o for n = 1,2,.... Since U is totally bounded in (Fyscal X), Hena), 
{Un} has a Cauchy subsequence (u,,) in (Fusca(.X), Hena). So given e€ € 
(0, 0), there is a K(c) € N such that 


Hei Vins Ung) < € 
for all | > K. Thus 


H” ([un]a; [ung]a-e) < € (2) 


for all | > K. From (2) and the arbitrariness of e, LJ [us]; is totally 
bounded in (X, d). Thus [z,, }, which is a subsequence of {a,,}, has a Cauchy 
subsequence, and so does {£p}. 


Remark 4.10. It is easy to see that for a totally bounded set U in (Fyscal( X), Hena) 
and o € (0,1], U(a) = 0 is possible even if U 4 (). 


For D C X x [0,1] and o € [0,1], define (D)s :— {x : (x,a) € D}. 
Let u € F(X) and 0 <r € t € 1. We use the symbol end’ u to denote 
the subset of end u given by 


end! u := end u N ([u], x [r, t]). 
For simplicity, we write end} u as end, u. We can see that endo u = send u. 


Theorem 4.11. Let U be a subset of Fyscal X). Then U is relatively com- 
pact in (Fusca CX), Hena) if and only if U(a) is relatively compact in (X, d) 
for each a € (0, 1]. 


Proof. Necessity. Suppose that U is relatively compact in (Fuscc(X ), Hena). 
Let a € (0,1]. Then by Lemma 4.9, U (a) is totally bounded. Hence U (œ) is 
relatively compact in (X ; d). 

To show that U(q) is relatively compact in (X, d), we proceed by contra- 
diction. If this were not the case, then there exists a sequence {xn} in U(a) 
such that {£} converges to x € X V X in (X, d). 
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Assume that zn € [u,], and wu, € U, n = 1,2,.... From the relative 
compactness of U, there is a subsequence (u,, of {un} such that (u,, 
converges to u € FyscaG(X). Since Fuscg(X) can be seen as a subspace of 


Fusca(X), we obtain that {un,} converges to u in (Fusce(X), Hena). By 
Theorem 2.3, lim) us = u® according to (X x (0, 1], d). Notice that 


k—oo "nj 


Ln,,a) € ut, for k = 1,2,..., and ((zx,,,o)) converges to (x,a) in (X x 
k Nk k 


[0, 1], d). Thus (x,a) € u®, which contradicts x € X \ X. 

It can be seen that the necessity part of Theorem 7.10 in [19] can be 
verified in a similar manner to that in the necessity part of this theorem. 

Sufficiency. Suppose that U(o) is relatively compact in (X, d) for each 
a € (0,1]. To show that U is relatively compact in (Fusca(X), Hena), we 
only need to show that each sequence in U has a convergent subsequence in 
(Fusca CX), Hena). 

Let {u,} be a sequence in U. If liminf, ,4, Su, = 0, ie. there is 
a subsequence {u,,} of {un} such that lim, ,.; Sun, = 0. Then clearly 
Hena(Un,, rx) = Sun, — 0 as k — oo. Since rix) € Fusca(X), {un,} is 
a convergent subsequence in (Fusca(X), Hena). 

If liminf,.. Su, > 0, then there is a € > 0 and an N € N such that 
lun] AO for all n > N. 

First we claim the following property: 


(a) Let a € (0, 1] and S be a subset of U with [u] Z 0 for each u € S. Then 
{endau : u € S) is a relatively compact set in (K(X x |a, 1]), H). 


It can be seen that for each u € S, endau € K(X x fa, 1]). 
As U(a) is relatively compact in (X, d), U(a) x [a, 1] is relatively com- 


pact in (X x [o, 1], d). Since U eg endau is a subset of U(o) x [a,1], then 
UJ, cs endau is also a relatively compact set in (X x [a, 1], d). Thus by The- 
orem 4.2, {endau : u € S) is relatively compact in (K(X x [o,1]), H). So 
affirmation (a) is true. 

Take a sequence (o4, k = 1,2,...} which satisfies that 0 < a44 < Qk < 
min{€, +} for k = 1,2,.... We can see that o, — 0 as k > oo. 

By affirmation (a), (enda, Un : n = N,N +1,...} is relatively compact 
in (K(X x [a, 1]), H). So there is a subsequence (uy of {un : n > N} and 
v! € K(X x [a1, 1]) such that H (enda, uP, v!) — 0. Clearly, (ul?) is also a 
subsequence of {tn}. 
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Again using affirmation (a), {endo uP} is relatively compact in (K(X x 
laz, 1]), H). So there is a subsequence {ul} of {ul} and v? € K(X x [os,1]) 
such that H (end,, uP, v?) > 0. 

Repeating the above procedure, we can obtain {ul} and vë € K(X x 
lak, 1]), k = 1,2,..., such that for each k = 1,2,..., (u 93 is a subsequence 
of {ul} and H(enda, uP, vt) + 0. 

We claim that 


(b) Let kı and kə be in N with kı < ks. Then 
(i) (wag, C (va, 
(ii) (v), = (v3), when o € (a4, 1], 
(iii) vë C vt! for k = 1,2, 


Note that {uf} is a subsequence of (u Y and that o4, < a,,. Thus 
by Theorem 2.3, for each a € |o, 1], 


(v^), x {a} 


= lim inf enda, u 
n—oo 1 


1) Q (X x fa]) 


TL 


C lim inf end,,, u(*2 N (X x {a}) 


= (v?), x {a}. (3) 


So (1) is true. 

Let a € [0,1] with o > akı. Observe that if a sequence {(£m, £,)) 
converges to a point (r, o) as m — oo in (X x [0, 1], d), then there is an M 
such that for all m > M, Bm > og, ke. (£m, Bm) € X x (ax,, 1]. Thus by 


Theorem 2.3, for each a € (oj, 1], 


(v), x {a} 


= limsupend,, u^) n (X x {a}) 


Oki ^m 
Noo 
2 lim sup end,,, ut? n (X x {a} 
n— o0 


= (v). x {a}. (4) 


Hence by (3) and (4), (v^), = (v3), for a € (o4,, 1]. So (ii) is true. (iii) 
follows immediately from (i) and (ii). 
Define a subset v of X x [0, 1] given by 


v = Utv U (X x (0). (5) 
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From affirmation (b), we can see that 


_ f Wa, if for some k € N, a> ag, 
a= l X, ifa=0, (6) 
and hence 
v (X x (ag, 1]) = vn (X x (ag, 1]) € v*. (7) 


We show that v € C(X x [0, 1]). To this end, let { (x1, 5j)? be a sequence 
in v which converges to an element (x,y) in X x [0, 1]. If y = 0, then clearly 
(x,y) € v. If y > 0, then there is a ko € N such that y > a,,. Hence there 
is an L such that y > oy, when l > L. So by (7), (xı, yı) € v? when I > L. 
Since v* € K(X x [ak 1]), it follows that (x,y) € v? C v. 

We claim that 


(c) lim, 4, H (end u,v) 2 0 and v € Fysca(X)*. 
Let n € N and k € N. Then by (5), 


H* (end u(?, v) = max( H* (enda, u,v), H*(endg* u9, v)} 


Ok Un o? 


< max( H* (ends, u™, v^), ag}, (8) 


Ak T , 


and by (7), 


H* (v, end u(?) = max sup d((z,y), end u&?), H*(v (X x [0,04]), end u?)) 


(ecient Cal] " 


< max{H*(v*, enda, u("), ag}. (9) 


Clearly, (8) and (9) imply that 


H (end u”, v) < max(H (enda, u™, v"), ag}. (10) 


Ok "n o? 


Now we show that 


lim H (end u(, v) = 0. (11) 


n —oo 


To see this, let € > 0. Notice that a, — 0 and for each az, k = 1,2,..., 
lima. 444 H (enda, ul” ve) = 0. Then there is an a,, and an N € N such 
that ay, < £ and H(end,,, ul, vk) < e for all n > N. Thus by (10), 


H (end u v) < € for all n > N. So (11) is true. 
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Since the sequence (end ut is in Fysc(X)* and (end ut converges to 
v in (C(X x [0,1]), H), by Proposition 4.7, it follows that v € Fysc(X)*. 

Let k € N. Then v* € K(X x fag, 1]), and hence (v), € K(X) U (0) for 
all a € [0,1]. So from (6), (v)a € K(X) U (0) for all a € (0,1], and thus 
TE Fusca(X).. 

From affirmation (c), we have that {ul} is a convergent sequence in 
(Fusca(X), Hena). Note that {uf} is a subsequence of {un}. Thus the 
proof is completed. 


Theorem 4.12. Let U be a subset of Fusca(X). Then U is totally bounded 
in (Fusca CX), Hena) if and only if U(a) is totally bounded in (X,d) for each 
a € (0, 1]. 


Proof. Necessity. The necessity part is Lemma 4.9. 

Sufficiency. Suppose that U(o) is totally bounded in (X,d) for each 
a € (0,1. Then U(a) is relatively compact in (X,d) for each a € (0, 1]. 
Thus by Theorem 4.11, U is relatively compact in (Fusca(X ), Haya). Hence 


U is totally bounded in (Fysca(X), Hena). So clearly U is totally bounded 
in (Fusce(X), Hena). 


Theorem 4.13. Let U be a subset of Fusca(X). Then the following are 
equivalent: 


(i) U is compact in (Fusca( X), Hena); 


(ii) U (o) is relatively compact in (X,d) for each a € (0,1] and U is closed 
in (Fuscc(X), Hena); 


(iii) U(o) is compact in (X,d) for each a € (0,1] and U is closed in 
(Fusce(X), Hena). 


Proof. By Theorem 4.11, (i) & (ii). Obviously (iii) = (ii). We shall com- 
plete the proof by showing that (ii) — (iii). Suppose that (ii) is true. To 
verify (iii), it suffices to show that U (a) is closed in (X, d) for each a € (0, 1]. 
To do this, let a € (0,1] and let {zn} be a sequence in U(a) with {xn} 
converges to an element x in (X, d). We only need to show that x € U(a). 

Pick a sequence {un} in U such that z, € [u,]o for n = 1,2,..., which 
means that (r4,o) € end un for n = 1,2,.... 
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From the equivalence of (i) and (ii), U is compact in (Fysca(X), Hena). So 
there exists a subsequence {un, * of {un} and u € U such that Hena(Un,,u) > 
0. Hence by Remark 2.4, lim” | Un, = U. Note that (x,a) = limp ,55(24,, @)- 
Thus 

(x,a) € lim inf end un, = end u. 


So x € [u]o, and therefore x € U (a). 
It can be seen that Theorem 7.11 in [19] can be verified in a similar 
manner to that in this theorem. 


v We [18] gave the following characterizations of compactness in (Fuyscc(IR?), Hena). 


«3 Theorem 4.14. (Theorem 7.1 in [18]) Let U be a subset of Fusco (IR"). 
oa Then U is a relatively compact set in (Fusca(R™), Hena) if and only if U(a) 
O is a bounded set in R™ when a € (0, 1]. 


Theorem 4.15. (Theorem 7.3 in [18]) Let U be a subset of Fusca(R"). 
Then U is a totally bounded set in (Frisco (IR), Hena) if and only if, for each 
a € (0,1], U(a) is a bounded set in IR". 


= Theorem 4.16. (Theorem 7.2 in [18]) U is a compact set in (Fysca(R™), Hena) 
wa if and only if U is a closed set in (FyscaR™), Hena) and U (a) is a bounded 
= set in R™ when a € (0, 1]. 


Let S be a set in IR". Then the following properties are equivalent. 
(i) S is a bounded set in R”. 

(ii) S is a totally bounded set in R”. 
(iii) S is a relatively compact set in R”. 

Using the above well-known fact, we can see that Theorem 4.11 implies 
'Theorem 4.14; Theorem 4.12 implies Theorem 4.15; Theorem 4.13 implies 
Theorem 4.16. 

So the characterizations of relative compactness, total boundedness, and 
compactness in (Fyscc(R™), Hena) given in our previous work [18] are corol- 
laries of the characterizations of relative compactness, total boundedness, 
and compactness of (Fusce(X), Hena) given in this section, respectively. 

Furthermore, the characterizations of relative compactness, total bound- 
edness, and compactness of (Fysca(X ), Hena) given in this section illustrate 
the relationship between relative compactness, total boundedness, and com- 
pactness of a set in Fysoc( X) and that of the union of its elements’ a-cuts. 
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From above discussions, we can see that the characterizations of relative 
compactness, total boundedness, and compactness of (Fusca(X ), Hena) given 
in this section significantly improve the characterizations of relative compact- 
ness, total boundedness, and compactness in (Fr;scG (IR), Hena) given in our 
previous work [18]. 


Remark 4.17. The following clauses (i) and (ii) are pointed out in Remark 

5.1 of chinaXiv:202107.00011v2 (we submitted it on 2021-07-22). 

(i) (Fésco(X), Hena) can be treated as a subspace of (C(X x [0, 1]), H) by 

seeing each u € Fl go 4 (X) as its endograph. 

(ii) We can discuss the properties of (Ff scegl X), Hena) by treating (Ff scal X), Hena) 

as a subspace of (C (X x|0, 1]), H). These properties include characterizations 

of total boundedness, relative compactness and compactness of (Ff so (X), He). 
In this paper, we treat (Fuscc(X ), Hena) as a subspace of (C(.X x|0, 1]), H) 

to discuss the properties of (Fysca(X ), Hena). 


At the end of this section, we illustrate that Theorems 4.2, 4.1 and 4.3 
can be seen as special cases of Theorems 4.11, 4.12, and 4.13, respectively. 
We begin with some propositions. 

The following proposition follows immediately from the basic definitions. 


Proposition 4.18. Let A be a subset of X. 

(i) The conditions (i-1) A is a set in C(.X), and (i-2) x4 is a fuzzy set in 
Fusc(X), are equivalent. 

(ii) The conditions (ii-1) A is a set in K(X), (11-2) xa is a fuzzy set in 
Fuscp(X), and (ii-3) x4 is a fuzzy set in Fysca( X), are equivalent. 


Let D C P(X). We use the symbol Dr(x) to denote the set (Cp(xj : C € 
D). 
Let A, B € C(X). Then 


Hena(Xa, XB) = min(H(A, B), 1}. (12) 


Proposition 4.19. Let D be a subset of K(X). 

(i) D is totally bounded in (K(X), H) if and only if Drix) is totally bounded 

in (Fuscc(X), Hena); 

(ii) D is compact in (K(X), H) if and only if Dex) is compact in (Fusca(X), Hena). 


Proof. From (12), it follows immediately that (i) is true. 


21 


By (12), we have that D is compact in (K(X), H) if and only if Dx) is 
compact in (K(X) r(x), Hena). Clearly Dr(x) is compact in (K(X) F(x), Hena) 
if and only if Dp(xj is compact in (Fysca(X), Hena). So (ii) is true. 


Proposition 4.20. Let {An} be a sequence of sets in C(X). If {x a, } con- 
verges to a fuzzy set u in Fusc(X) according to the Hena metric, then there 
is an A € C(X) such that u = x4 and H(A,, A) > 0 as n > oo. 


Proof. We will show in turn, the following properties (i), (ii) and (iii). 

(i) Let x € X and o, 8 € (0,1]. Then (x, o) € endu if and only if (x, 8) € 
end u. 

(ii) [ula = [u]g for all a, 8 € [0, 1]. 

(iii) There is an A in C(X) such that u = x4 and H(A,, A) > 0 as n — co. 

To show (i), we only need to show that if (z, &) € endu then (x, 8) € end u 
since a and 8 can be interchanged. 

Assume that (x,a) € endu. Since Hena(xa,,U) — 0, by Theorem 2.3 
and Remark 2.4, lim... y 4, = u. Then there is a sequence {(xp,a,)} such 
that (z4,04) € end x4, for n = 1,2,..., and lim, ,4, d((z4, On), (x, )) = 0. 
As a > 0, it follows that there exists an N such that a, > 0 for all n > N. 
This yields that (x,,04) € send x4, = A, x [0,1] for all n > N. Hence 
(£n, B) € send y4, for all n > N. Observe that lim, ss dh (£n, 8), (x, 8)) = 0, 
ie. [(r,,8) : n > N} converges to (x, 8) in (X x [0,1], d). Thus we have 
(x, B) € liminf, ,4, end x4, = endu. So (i) is true. 

From (i), we have that [u], = |u]g for all o,8 € (0,1]. Then [u]; = 
UasolUla = [u]1. So (ii) is true. 

Set A = [u]li. By Proposition 5.1, u € Fiisc(X). From this and (ii), it 
follows that A € C(X) and u= ya. 

Since by (12), 


Hand 4. u) = HaalY as XA) = min{H(A,, A), 1} —> 0 as n —> oo, 


we obtain that H(A,, A) > 0 as n — oo. So (iii) is true. This completes the 
proof. 


Proposition 4.21. Let {x,} be a sequence in X. If (x4) converges to a 
fuzzy set u in Fusc(.X) according to the Hena metric, then there is an x € X 
such that u = È and d(x,,z) — 0 as n — oo. 
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Proof. Note that Z = x, for each z € X. Thus by Proposition 4.20, there 
is an A € C(X) such that u = x4 and A({z,}, A) — 0 as n — oo. Since 
limf) {£n} = A, it follows that A is a singleton. Set A = {x}. Then u = 8 


and d(r,,z) = H({x,}, (z]) > 0 as n — oo. This completes the proof. 


Proposition 4.21 is Proposition 8.15 in our paper arXiv:submit/4644498. 
It can be seen that we can also use the idea in the proof of Proposition 4.20 
to show Proposition 4.21 directly. 

It can be seen that using the idea in the proof of Proposition 8.15 in 
arXiv:submit /4644498, we can show that A in the proof of Proposition 4.21 
is a singleton as follows. 

Assume that A has at least two distinct elements. Pick p,q in A with p 4 
q. Let z € X. Since d(p, z)+d(q, z) > d(p, q), it follows that max(d(p, z), d(q, z)) > 
id(p,q). Thus H(A, {x,}) = H*(A,[x,]) > id(p,q), which contradicts 
H(A, {t,}) > 0 as n — oo. 


Proposition 4.22. Let D be a subset of K(X) and B a subset of C(X). 

(i) C(X)r(xy is closed in (Fusc(X), Hena). 

(ii) K(X) Fx) is closed in (Fusce(X), Hena). 

(iii) D is closed in (K(X), H) if and only if Dr(x) is closed in (Fuscg(X), Hena). 
(iv) D is relatively compact in (K(X), H) if and only if Drix) is relatively 
compact in (Fusca(X), Haa). 

(v) B is closed in (C(X), H) if and only if Brix) is closed in (Fusc(X), Hena). 
(vi) B is relatively compact in (C(X), H) if and only if Brix) is relatively 
compact in (Fusc(X), Hena). 


Proof. From Proposition 4.20 we have that (1) is true. 

By (i) the closure of K(X)r(xj in (Fuscc(X), Hena) is contained in 
Fusce(X)NC(X) rx). From Proposition 4.18 (ii), Fusce X) C(X)r(x) = 
K(X) (x). Thus the closure of K(X) r(x) in (Fusca(X), Hena) is K(X)r(x). 

So (ii) is true. 

Suppose the following conditions: (a-1) D is closed in (K(X), H), (a-2) 
Dr(x) is closed in (K(X) Fcx), Hena), and (a-3) DF (x) is closed in (Fusca(X), Hena). 

By (12), (a-1)(a-2). From (ii), (a-2)(a-3). Thus (a-1)%(a-3). So (iii) 
is true. 

Suppose the following conditions: (b-1) D is relatively compact in (K(X), H), 
(b-2) Drow) is relatively compact in (K(X) r(x), Hena), and (b-3) D(x) is rel- 
atively compact in (Fusca(X ), Hena). 
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By (12), (b-1)&(b-2). From (ii), (b-2)<(b-3). Thus (b-1)&(b-3). So 
(iv) is true. 

Using (12) and (i), (v) and (vi) can be proved in a similar manner to (iii) 
and (iv), respectively. 


Each subset D of (K(X), H) corresponds a subset Dr(xy of (Fusca(X), Hena). 
Using Theorems 4.11, 4.12, and 4.13, we obtain the characterizations of rela- 
tive compactness, total boundedness, and compactness for Dry) in (Fusco (X), Hena) 
as follows. 


Corollary 4.23. Let D be a subset of K(X). Then Dp(xy is relatively com- 
pact in (Fusco CX), Hena) if and only if D = U(C : C € D} is relatively 
compact in (X, d). 


Corollary 4.24. Let D be a subset of K(X). Then Dp(xy is totally bounded 
in (Fusca(X), Hena) if and only if D=U{C: C € D} is totally bounded in 
(X, d). 


Corollary 4.25. Let D be a subset of K(X). Then the following are equiv- 
alent: 

(i) Drix) is compact in (Fusca( X), Hena); 

(ii) D = U{C : C € D} is relatively compact in (X,d) and Drix) is closed 
in (Fusca(X), Hena); 

(iii) D = U{C : C € Dj is compact in (X,d) and Drix) is closed in 
(Fusca(X), Hena). 


From Proposition 4.19 and clauses (iii) and (iv) of Proposition 4.22, we 
obtain that Corollaries 4.23, 4.24 and 4.25 are equivalent forms of Theorems 
4.2, 4.1 and 4.3, respectively. So we can see Theorems 4.2, 4.1 and 4.3 as 
special cases of Theorems 4.11, 4.12, and 4.13, respectively. 


5. Characterizations of compactness in (Frigo G( X), Hena) 


In this section, we first investigate the properties of the Hena metric. 
Then based on the characterizations of relative compactness, total bound- 
edness and compactness in (Fysca(X), Hena) given in Section 4, we give 
characterizations of relatively compact sets, totally bounded sets, and com- 
pact sets in (FrsoG (X), Hena), r € [0,1]. (FGscg(X), Hena), r € [0, 1] are a 
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kind of subspaces of (Fysca( X), Hena). Each element in F5goG(X) takes r 
as its maximum value. (FlscG (X), Hena) is one of these subspaces. 

For DC X x [0,1], define Sp :— sup(a : (x,a) € D}. 

We claim that for D, E € C(X x [0, 1]), 


H(D, E) > |Sp — Sg]. (13) 


To see this, let D, E € C(X x |0, 1]. If |Sp — Sg| = 0, then (13) is true. 
If |Sp — Sg| > 0. Assume that Sp > Sg. Note that for each (x,t) € D 
with t > Sg, d((z,t), E) > t — Sg. Thus H(D, E) > sup{t — Sz: (x,t) € 
D with t > Sg) = Sp — Sg. So (13) is true. 

Let u € F(X). Define S, :— sup(u(z) : x € X}. We can see that 
Su = Sendu: Clearly [u]s, = @ is possible. 

From (13), we have that for u,v € Fusc(X), 


Hena(u, v) > [Su — Sol. (14) 


Proposition 5.1. Let u and un, n = 1,2,..., be fuzzy sets in Fysc(.X). If 
Hena(Un, u) — 0 as n — oo, then Su, — S, as n — oo. 


Proof. The desired result follows immediately from (14). 


Let u € F(X). max(u(x) : x € X) may not exist. If max(u(x) : x € X} 
exists, then obviously S, = max(u(x) : x € X). If [uls, 4 0, then, as 
Sy = sup(u(x) : x € X}, it follows that S, = max(u(x) : x € X). 


Proposition 5.2. (i) Let u € Fusc(X). If there is an a € |0, Su] with 
[ula € K(X), then [u]|s, Z 0 and S, = max(u(x) : x € X]. 
(ii) Let u € Fusca(X). Then S, = max(u(x) : x € X). 


Proof. First, we show (i). If a = S,, then [u]s, 4 0. If a < Su, then pick 
a sequence {£n} in [u]a with u(z,) > Su. From the compactness of [u]a, 
there is a subsequence {2,, ) of {£n} such that [r,, ) converges to a point x 
in |u]J. Thus u(x) > lim, 4, u(z4,) = Su. Hence u(x) = Su, and therefore 
[u|s, # Ú and S, = max(u(x) : x € X]. So (i) is true. 

In the a < S, case, we can also prove [u|s, # 0 as follows. Take an 
increasing sequence {az} in [a, 1] with a, > S,—. Then [u]9, € K(X) for 
each k = 1,2,..., and thus [u]|s, = O} lula, € K(X). So [u]s, 4 0. 

Now we show (ii). If u € Fusce(X) \ {Broo}, then there exists an 
a € (0, Su] such that [u]o € K(X). So from (i), S, = max(u(z) : x € X}. If 
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u = Ür(x), then S, = 0 = max(u(x) : x € X). So for each u € FyscalX), 
Sy = max{u(e): 2 E€ X}. 


Let r € [0,1]. Define 


Fjsc(X) = {u € Fusc(X) : Su =r}, 
Fosc(X) = {u € Fusc(X) :r = max(u(z) : x E XJ}, 
Fysca(X) = {u € Fuscc(X) : Su =r}, 
Fisco(X) = {u € Fusce(X) : r = max(u(z) : € X)), 
Fisca(X) = {u € Fusca(X) : Su =r}, 
Fisop(X) = {u € Fusoa(X): r = max(u(z) : x € XJJ. 


Let r € [0, 1]. We can see that F5 sc(X) € Fi/sc(X). Clearly, Frgo(X) = 
Fosc(X) = Füsca(X) = Füsca(X) = rco 
Proposition 5.3. Let r € [0,1]. Then 
(i) Fosce(X) m FUsca(X), Foscg(X) = Fisch X), 
(ii) Fýsc(X) is a closed subset of (Fusc(X), Hena), 
(iii) Fosce(X) is a closed subset of (Fusco (X), Hena), and 
(iv) Fo sog (X) is a closed subset of (Fuscp( X), Hena). 


Proof. From Proposition 5.2 (ii) and the fact that Fysog(.X) € Fusce(X), 
we have that Fiscg(X) = Fusoc(X). Füsca(X) = Füsca(X). So (i) is 
true. 

By Proposition 5.1, (ii) is true. 

From Proposition 5.1, F/?;cG (X) is a closed subset of (Fusoa(X), Hena), 
and Fi/so (X) is a closed subset of (Fyscp(X), Hena). Then by (i), (iii) and 
(iv) are true. 


Lemma 5.4. Let r € [0,1] and let U be a subset of FẸscg( X). Then the 
following (i-1) is equivalent to (1-2), and (ii-1) is equivalent to (ii-2). 

(i-1) U is relatively compact in (Fusca( X), Haa). 

(i-2) U is relatively compact in (Fț scal X), Hena). 

(ii-1) U is closed in (Fusca (X), Hena). 

(ii-2) U is closed in (FẸ gogl X ), Hena). 
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Proof. Clause (iii) of Proposition 5.3 says that Fr soG (X) is a closed subset 
of (Fusce (X), Hena). From this we obtain that (i-1)(i-2), and (ii-1)<(ii-2). 


In this paper, we suppose that (r,r] = 0 for r € R. 


Lemma 5.5. Let r € [0,1] and let U be a subset of Fiigcg(X). Then the 
following (i-1) is equivalent to (i-2), (ii-1) is equivalent to (ii-2), and (iü-1) 
is equivalent to (iii-2). 

(i-1) U(a) is relatively compact in (X,d) for each a € 
(i-2) U(a) is relatively compact in (X,d) for each a € 
(ii-1) U(a) is totally bounded in (X,d) for each o € (0 
(ii-2) U(a) is totally bounded in (X,d) for each o € (0 
(iii-1) U(a) is compact in (X,d) for each a € (0, 1]. 
(iti-2) U(a) is compact in (X,d) for each a € (0, r]. 


(0, 1]. 
(0, r]. 
d 


|: 
l. 


Proof. Observe that if a € (r, 1] then U(a) = Ø. From this we obtain that 
(i-1)&(i-2), (ii-1) e (ii-2), and (iii-1) 4 (iii-2). 


Corollary 5.6. Let r € [0,1] and let U be a subset of Fr scgal X). Then the 
following properties are equivalent. 

(i) U is relatively compact in (Fusca(X), Hena). 

(ii) U is relatively compact in (Fiscg(X), Hena). 

(iii) U(a) is relatively compact in (X,d) for each a € (0, 1]. 

(iv) U(a) is relatively compact in (X,d) for each a € (0,7). 


Proof. By Lemma 5.4, (i)@(ii). From this and Theorem 4.11, we obtain 
that (ii)(iii). By Lemma 5.5, (iii) & (iv), and the proof is complete. 


Corollary 5.7. Let r € [0,1] and let U be a subset of Frisco G (X). Then the 
following properties are equivalent. 

(i) U is totally bounded in (Fysca( X), Haa). 

(ii) U is totally bounded in (Frog CX), Hena). 

(iii) U(a) is totally bounded in (X,d) for each a € (0, 1]. 

(iv) U(a) is totally bounded in (X,d) for each a € (0, r]. 


Proof. Clearly (i) (ii). From this and Theorem 4.12, we obtain that (ii) (iii). 
By Lemma 5.5, (iii) & (iv), and the proof is complete. 
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Corollary 5.8. Let r € [0,1] and let U be a subset of Frase G(.X). Then the 
following properties are equivalent. 

(i) U is compact in (Fusca (X), Hena) 

(ii) U is compact in (F5 so CX), Hena). 

(iti) U(a) is relatively compact in (X,d) for each a € (0,1] and U is closed 

in (Fusce(X ), Hena); 

(iv) U (a) is compact in (X,d) for eacha € (0,1] and U is closed in (Fusca(X), Hena). 
(v) U(a) is relatively compact in (X,d) for each a € (0,r] and U is closed 

in (Frsca(X ); Hena). 

(vi) U (a) is compact in (X, d) for each o € (0,r] and U is closed in (F5 go G CX), Hena). 


Proof. Clearly (i)&(ii). From this and Theorem 4.13, we obtain that (ii) & (iii) (iv). 
By Lemma 5.4, U is closed in (Fyscco(X), Hena) if and only if U is closed 
in (FrgoG CX), Hena). By Lemma 5.5, U(a) is relatively compact in (X, d) 
for each a € (0, 1] if and only if U (a) is relatively compact in (X, d) for each 
€ (0, r]. So (iii) (v). 
Similarly, from Lemmas 5.4 and 5.5, we have that (iv)&x(vi). 
So (i) e (ii)e(ii)e(iv)e(v)e(vi). 


Remark 5.9. From Corollary 5.8, Lemmas 5.4 and 5.5, the following prop- 
erties are equivalent. 

(i) U is compact in (Frsca( X), Ha). 

(ii) U is compact in (FrgoG X), Hena). 

(ii) At least one of (i-1), (1-2), (iii-1) and (iii-2) in Lemma 5.5 holds, and at 
least one of (ii-1) and (ii-2) in Lemma 5.4 holds. 

(iv) All of (i-1),(i-2), (iii-1) and (iii-2) in Lemma 5.5 hold, and all of (ii-1) 
and (ii-2) in Lemma 5.4 hold. 


6. An application on relationship between Hena metric and [-convergence 


As an application of the characterizations of relative compactness, total 
boundedness and compactness given in Section 4, we discuss the relationship 
between Hena metric and I-convergence on fuzzy sets. 


Proposition 6.1. Let S be a nonempty subset of Fusc(X). Let u be a fuzzy 
set in S, and let {un} be a fuzzy set sequence in S. Then the following prop- 
erties are equivalent. 
(i) Hena(Un, u) 0. 
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(i) lim™ un = u, and (u,,n = 1,2,...} is a relatively compact set in 


YD) n 
(Fusc(X), Hena). 
(iii) jui om = u, and {Un,n = 1,2,...} is a relatively compact set in 
(S, Hona). 
(iv) lim un = u, and (u,,n = 1,2,...} U {u} is a compact set in 
(S, Hena). 
(v) lim Uun = u, and (u,,m = 1,2,...} U {u} is a compact set in 


(Fusce(X), Hena). 


Proof. To show 2 E Assume that (i) is true. By Theorem 2.3 and 
Remark 2.4, lim® u, = u. Clearly {un,n = 1,2,...} U {u} is a compact 
Y set in (Fusc(X), Hena). So (v) is true. 


EA It can be seen that {un,n = 1,2,...}U{u} is a compact set in (Fusc(X), Hena) 
= if and only if {un,n = 1,2,...} U {u} is a compact set in (S, Hena). So 
= (jeliv). 

= If (u4,n = 1,2,...} U {u} is a compact set in (S, Hena), then (u,,n = 


1,2,...} is relatively compact in (S, Hena) because (u,,n = 1,2,...} is a 
subset of (u4,n = 1,2,... 4 U {u}. So (iv)> (iii). 

Clearly if {un,n = 1,2,...} is a relatively compact set in (S, Hena), 
then (u,,n = 1,2,...} is a relatively compact set in (Fysc(X), Ha). So 
(iii) — (ii). 

To show (ii) (i), we proceed by contradiction. Assume that (ii) is true. 
If (i) is not true; that is, Hena(tn,u) Æ 0. Then there is an € > 0 anda 


subsequence (Di of {un} that 
Hena(u),u) > e for all n = 1,2,.... (15) 


Since Ius, m = 1,2,...} is AR compact in (Fysc(X), Hena), there is a 
subsequence {uk 2y of (vl! )} and v € Fuso\*) such that Haalt, v) > 0. 
Hence by Theorem 2.3 and Remark 2.4, lim“) .. v) = v, Since lim. u, = 
u, then by Remark 2.5, u — v. So PC 2 u) — 0, which contradicts (15). 

Since we have shown (i)=(v), (v)(iv), (iv) (iii), (iii) (ii) and (ii)= (i), 
the proof is complete. 

We can also show this theorem as follows. First we show that (i)@(iii) 
(iv) by verifying that (i)=>(iv) 2 (iii)2-(1) (The proof of (1)2 (iv) is similar 
to that of (i)=(v). The proof of (iii) (1) is similar to that of (ii)=(i)). Then 
put S = Fuysc( X), we obtain that (1)&(ii) from (i) (iii), and that (1)&(v) 
from (i)&(iv). So we have that (i), (ii), (iii), (iv) and (v) are equivalent to 
each other. 
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Proposition 6.2. Let u be a fuzzy set in Fuscc(.X), and let {un} be a fuzzy 

set sequence in FyscalX). Then the following properties are equivalent. 

(i) Hena(Un, u) 0. 

id lim(D un = u, and for each o € (0, 1], USS [unla is relatively compact 
n (X, e 

fiii) lim”) un =u, and for each o € (0,1], UTS [uma U [ula is compact in 

(X, d). 

(iv) lim(D,. un = u, {unn = =1,2,...}U {u} is closed in (Fysca(X), Hena), 

and for each a € (0, 1], Taba |. U [u]a is compact in (X,d). 


n=1 


Proof. The desired result follows from Proposition 6.1, Theorem 4.11 and 

(P Theorem 4.13. The proof is routine. 

Lum Put S = Fuscc(X) in Proposition 6.1. Then we obtain that the following 

=: conditions (a), (b) and (c) are equivalent. 

(a) Hena(Un, U) — 0. 

(b) lim®? un = u, and (u,,n = 1,2,...} is a relatively compact set in 

(Fusce(X), Hena). 

(c) lim® un = u, and {un,n = 1,2,...}U{u} is a compact set in (Fyscc(X), Henra). 
(a) is (i). By Theorem 4.11, (b)(ii). By Theorem 4.13, (c)(iv). We 

can see that (iv)= (iii) 2 (ii). So from (a)&(b)&«(c), we have that (1)&(1i)& 

(iii) (iv). 


Proposition 6.3. Let D be a nonempty subset of C(X). Let A be a set in 
D, and let {A,} be a sequence of sets in D. Then the following properties 
are equivalent. 

(i) HA) — 0. 


(ii) lim). A, = A, and (A,,n = 1,2,...} is a relatively compact set in 
Tem 

(iii) lim) A, = A, and {A,,n = 1,2,...} is a relatively compact set in 
(D, H). 

(iv) lim) A, = A, and (A,,n = 1,2,...} U {A} is a compact set in 
(D, H). 

(v) lim) A, = A, and {A,,n = 1,2,...} U {A} is a compact set in 
(C(X), H). 


Proof. The proof is similar to that of Proposition 6.1. 
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Proposition 6.4. Let A be a set in K(X), and let (A,) be a sequence of 
sets in K(X). Then the following properties are equivalent. 

(i) H(A,,A) > 0. 

(ii) lim(E). A, = A, and US A, is a relatively compact set in (X, d). 


T" — 0o 
(ii) lim) A, = A, and UTS A, U A is a compact set in (X, d). 
(iv) lim’), A, = A, USS An UA is a compact set in (X,d), and {A,,n = 


1,2,... JU (A) is a closed set in (K(X), H). 


Proof. The desired result follows from Proposition 6.3 and Theorems 4.2 
and 4.3. The proof is routine and similar to that of Proposition 6.2. 

Put D — K(X) in Proposition 6.3. Then we obtain that the following 
conditions (a), (b) and (c) are equivalent. 


c) lim’) A, = A, and (A,,n = 1,2,...} U {A} is a compact set in 

(a) is (i). By Theorem 4.2, (b)(i). By Theorem 4.3, (c)<(iv). We can 
see that (iv)=(iii) >(ii). So from (a)&(b)e(c), we have that (1)&(ii)& 
(ii) & (iv). 


Remark 6.5. Let u € Fuscc(X) and {un} be a fuzzy set sequence in 
Fusc(X). Let a € (0,1]. Since [u], is compact in X, we have that the condi- 
tions (a) US [una is relatively compact in (X, d), and (b) U$S [unla U [ula 
is relatively compact in (X, d), are equivalent. 

So “U S [unla is relatively compact in (X, d)" can be replaced by “U$S [u,]4U 
[ula is relatively compact in (X, d)" in clause (ii) of Proposition 6.2. 

Similar replacement can be made in Propositions 6.1, 6.3 and 6.4. 


Propositions 6.1, 6.2, 6.3 and 6.4 can be shown in different ways. Below 
we give some other proofs. 

Proposition 6.3 implies Proposition 6.1. 

Let S be a nonempty subset of Fysc(X). Let u be a fuzzy set in S, and 
let {un} be a fuzzy set sequence in S. 

Put A = endu, and for n = 1,2,..., put A, = end un in Proposition 6.3. 

Put D = {endu : u € Fysc(X)) in Proposition 6.3. Then from (i)@(iii) 
in Proposition 6.3, we obtain that (1)&(ii) in Proposition 6.1. 
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Put D = {endu : u € S} in Proposition 6.3. Then from (i)@(iii) in 
Proposition 6.3, we obtain that (i)<(iii) in Proposition 6.1. 

Similarly, we can show that (i)(iv) and (i)<(v) in Proposition 6.1. So 
Proposition 6.3 implies Proposition 6.1. 


Proposition 6.3, Theorem 4.11 and Theorem 4.13 imply Proposition 6.2. 

Let u be a fuzzy set in FysocG (X), and let (u,) be a fuzzy set sequence 
in Fusca(X). 

Put A = endu, and for n = 1,2,..., put A, = end un in Proposition 6.3. 

Put D = {endu: u € Fyscal(X)} in Proposition 6.3. Then from (i) (iii) 
in Proposition 6.3 and Theorem 4.11, we obtain that (i)<(ii) in Proposition 
6.2. 

Similarly from (i)<(iv) in Proposition 6.3 and Theorem 4.13, we obtain 
that (i)<(iv) in Proposition 6.2. Since (iv)=(iii) 2(ii) in Proposition 6.2, 
it follows that (i)&(ii)e&(iii)&(iv) in Proposition 6.2. So Proposition 6.3, 
Theorem 4.11 and Theorem 4.13 imply Proposition 6.2. 


Proposition 6.1 implies Propositions 6.3 and 6.4. 
Proposition 6.2 implies Proposition 6.4. 


Proposition 6.6. (i) Let A € C(X) and {An} a sequence in C(X). Then 
Haa(XA,; XA) — 0 if and only if H(A,, A) > 0. 

(ii) Let A € P(X) and {An} a sequence in P(X). Then lim. x 4, = x4 
if and only if lim), A, = A. 

(iii) Let D be a subset of C(X) and B a subset of D. Then B is totally bounded 
(respectively, relatively compact, compact, closed) in (D, H) if and only if 
Brx) is totally bounded(respectively, relatively compact, compact, closed) in 
(Dex), Hena). 


Proof. (i) and (iii) follow immediately from (12). (ii) follows from the defi- 
nition of Kuratowski convergence and I’-convergence. 


Let D be a nonempty subset of C(X). Let A be a set in C(X), and let 
{An} be a sequence of sets in D. 

Let S = C(X)r(x) in Proposition 6.1. Then from (i)+(iii) in Proposition 
6.1, we have that: 
(c-1) Hesa(XA,; XA) — 0 if and only if lim) XA, = Xa, and {X4 n"; n = 
1,2,...} is a relatively compact set in (C(X)r(x), Hena). 

By Proposition 6.6, (c-1) means that (i)<(ii) in Proposition 6.3. 
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Let S = Dp(x; in Proposition 6.1. Then from (i)e(iii) in Proposition 
6.1, we have that: 
(c-2) Hewa(XA,; XA) — 0 if and only if lim?) XA, = XA, and (xa4,,n = 
1,2,...} is a relatively compact set in (Dp(x), Hena). 

By Proposition 6.6, (c-2) means that (i)(iii) in Proposition 6.3. 

Similarly, by using Proposition 6.6, we can show that (i)&(iv) in Propo- 
sition 6.1 implies that (i)(iv) and (1)&(v) in Proposition 6.3. 

By clauses (i) and (ii) of Proposition 6.6 and clause (iii) of Proposition 
4.22, we can see that Proposition 6.2 implies Proposition 6.4. 

By using level characterizations of Hena and l'-convergence on fuzzy sets, 
it is easy to show that Proposition 6.4 also implies Proposition 6.2. 


7. Conclusion 


In this paper, we present the characterizations of total boundedness, rela- 
tive compactness and compactness in (FysoG( X), Hena). Here X is a general 
metric space. Based on this, we also give the characterizations of total bound- 
edness, relative compactness and compactness in (F5sgeG(X), Hena), r € 
[0,1]. (Fiscg(X), Hena), r € [0, 1], are metric subspaces of (Fyscc(X), Hena). 

The conclusions in this paper significantly improve the corresponding 
conclusions given in our previous paper [18]. Therein we give the charac- 
terizations of total boundedness, relative compactness and compactness in 
(Fusca(R™), Hena). R™ is a special type of metric space. 

We discuss the relationship between Hena metric and l'-convergence as an 
application of the characterizations of relative compactness, total bounded- 
ness and compactness given in this paper. 

The results in this paper have potential applications in the research of 
fuzzy sets involved the endograph metric and the l'-convergence. 
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